We consider two-component fermions with a zero-range interaction both in two and three dimensions and study their spectral functions of bulk and shear viscosities throughout the BCS-BEC crossover. Here the Kubo formulas are systematically evaluated up to the second order in the quantum virial expansion. In particular, our computation of the bulk viscosity spectral function is facilitated by expressing it with the contact-contact response function. The obtained formulas are fully consistent with the known constraints on high-frequency tail and sum rule. Although our static shear viscosity agrees with that derived from the kinetic theory, our static bulk viscosity disagrees. Furthermore, the latter for three dimensions exhibits an unexpected non-analyticity of ζ ∼ (ln a 2 )/a 2 in the unitarity limit, which thus challenges the "crossover" hypothesis.
non-analyticity of ζ ∼ (ln a 2 )/a 2 in the unitarity limit, which thus challenges the "crossover" hypothesis [26] . We also find that the static shear viscosity for three dimensions exhibits a weaker non-analyticity starting with η ∼ (ln a 2 )/a 6 in the unitarity limit.
The origin of these discrepancies between the Kubo formalism and the kinetic theory for the bulk viscosity is currently unknown and needs to be elucidated by future study. As shown in Eqs. (32) , (52), and (53), the bulk viscosity spectral function can be extracted experimentally by measuring the contact, energy, or entropy density under the periodic modulation of the scattering length. Therefore, ultracold atom experiments may be qualified to discriminate the two contradicting predictions from the Kubo formalism and the kinetic theory.
II. PRELIMINARIES

A. Formulation
In this paper, we consider two-component fermions with a zero-range interaction in d spatial dimensions described byĤ
where the annihilation and creation operators obey the usual anti-commutation relation of {ψ σ (x),ψ † τ (y)} = δ στ δ(x− y). Before we work on the quantum virial expansion for viscosity spectral functions, let us warm up by reviewing that for the partition function.
The quantum virial expansion is a systematic expansion in terms of fugacity, which utilizes a simple fact that the grand canonical trace can be written as a sum of canonical traces [27] . In particular, the partition function reads
where z ≡ e βµ is the fugacity and obviously Z 0 = 1. It is convenient to choose the complete set of N -body states to be momentum eigenstates,
whereψ † σp ≡ L −d/2 dx e ip·xψ † σ (x) is the Fourier transform of the creation operator in a periodic box of volume L d . The canonical trace in the N -body sector is then provided by
Also, with the use of the identity operator,
the Hamiltonian (1) can be decomposed into distinct particle number sectors according tô
The one-body sector is trivial because the Hamiltonian iŝ
and does not involve the interaction. Consequently, the partition function at O(z) is simply provided by
On the other hand, the Hamiltonian in the two-body sector iŝ
In order to evaluate the resulting density matrix operator, we write the Hamiltonian as a sum of kinetic and potential energy operators and utilize the identity of
Because the summation over n can be performed according to
the density matrix operator is found to be 
respectively. Here the integration variable is changed to ε = E − (p + q) 2 /4m and
is the two-body scattering T -matrix in the center-of-mass frame with the subscript indicating its dependence on the scattering length as shown later. We note that Eq. (14) is valid for any complex β and the interacting part (14c) vanishes when σ = τ for fermions. Consequently, the partition function at O(z 2 ) is provided by
where K = p + q and k = (p − q)/2 are the center-of-mass and relative momenta, respectively.
B. Thermodynamics
From the above quantum virial expansion for the partition function, we obtain that for the pressure according to
Finally, by taking the thermodynamic limit, L −d p → dp/(2π) d , and performing the resulting momentum integrations, we find
where λ T ≡ 2π/mT is the thermal de Broglie wavelength and Ω d−1 ≡ (4π) d/2 /2Γ(2 − d/2) = 2, 2π, 4π coincides with the surface area of the unit (d − 1)-sphere for d = 1, 2, 3. Similarly, the two-body scattering T -matrix in the same limit is found to be
where a is the scattering length introduced via
in the dimensional regularization [28] . The partial derivative of the pressure with respect to the scattering length then leads to the so-called contact density [29] [30] [31] ,
where the integration by parts following
is utilized. Because the imaginary part of the two-body scattering T -matrix is provided by
the contact density for d = 3 has the analytic expression of [32, 33] 
In particular, it is smooth even in the unitarity limit at λ T /a = 0 so as to be consistent with the "crossover" hypothesis [26] .
III. BULK VISCOSITY
A. Formulation
We now turn to the quantum virial expansion for viscosity spectral functions. In terms of the stress-stress response function,
the spectral functions of bulk and shear viscosities are defined according to [15] Im
HereΠ ij (t) = e iĤtΠ ij e −iĤt is the stress tensor operator in the Heisenberg picture and its trace is directly related to the bulk viscosity spectral function via
For two-component fermions described by the Hamiltonian (1), the stress tensor operator assuming the dimensional regularization is provided by [18, 28] 
Its trace is then simplified into
where the last term quantifies the conformal symmetry breaking witĥ
being the contact operator [34] [35] [36] . Because the commutator of the Hamiltonian with any operator in the grand canonical average vanishes, the bulk viscosity spectral function turns into the favorite form of
where
is the contact-contact response function [28, 37] . The quantum virial expansion for the bulk viscosity spectral function is thus to evaluate
Here the contact operator (31) can be decomposed into distinct particle number sectors according tô
where nontrivial matrix elements first appear from the two-body sector in the form of
On the other hand, the time evolution operator such as e −iĤ2t is obtained from Eq. (14) with the simple replacement of β → it. Because the bare coupling constant vanishes as mg → −2π/ ln Λ for d = 2 and as mg → −2π 2 /Λ for d = 3 in the cutoff regularization with |k| < Λ, the free part of the time evolution operator e −iĤ2t | free has vanishing contributions in the limit of Λ → ∞ when sandwiched by the contact operators. Therefore, only the interacting part of the time evolution operator e −iĤ2t | int has non-vanishing contributions to the contact-contact response function. By utilizing the identity of
we obtain
Consequently, the contact-contact response function at O(z 2 ) is found to be
from which the bulk viscosity spectral function in the thermodynamic limit reads
B. Evaluation
Our concise formula for the bulk viscosity spectral function is even under ω → −ω and has the high-frequency tail of
where C is the contact density from Eq. (22) . This asymptotic form agrees with Refs. [17, 18] for d = 3 and with Ref. [17] for d = 2. 1 Also, the integration over ω leads to
With the use of the Kramers-Kronig relation followed by the identity of
we obtain which is consistent with the sum rule derived in Ref. [15] for d = 3 and in Ref. [19] for d = 2.
After confirming our formula (40) in light of the known constraints, we are ready to evaluate it more closely. The substitution of Eq. (24) into Eq. (40) leads to
where the imaginary part of the two-body scattering T -matrix is normalized according to
The three terms in Eq. (45) correspond to bound-bound, bound-continuum, and continuum-continuum transitions, which contribute to the bulk viscosity spectral function at ω = 0, |ω| > 1/ma 2 , and ∀ω, respectively. Therefore, the first two terms contribute only when the two-body bound state exists, a > 0, which is alway the case for d = 2. The resulting dynamic shear viscosity is plotted in Fig. 1 as well as its static limit, ζ ≡ lim ω→0 + ζ(ω), which excluding the singular term of δ(ω)θ(a) is provided by
Here the integration variable is changed toε = ε/T and the dimensionless scattering length is introduced viaã ≡ √ mT a = √ 2πa/λ T . The static bulk viscosity for d = 2 is a smooth function of λ T /a > 0 and has the asymptotic forms of lim a→0,∞
On the other hand, the static shear viscosity for d = 3 has the asymptotic forms of lim a→0
and lim a→∞
which turns out to exhibit the non-analyticity in the unitarity limit as shown in the right panel of Fig. 1 . Our results disagree with the static bulk viscosity derived from the kinetic theory, where reported are lim a→∞ λ 3 T ζ = z 2 /(12 √ 2ã 2 ) for d = 3 [24] and lim a→∞ λ 2 T ζ = z 2 /(2π ln 4ã2 ) for d = 2 [25] . The origin of these discrepancies is currently unknown. We also note that the dynamic bulk viscosity for d = 3 toward the unitarity limit is provided by
so that the limits of ω → 0 and a → ∞ do not commute mutually. The bulk viscosity spectral function can be measured experimentally via the contact-contact response function (33) . When the scattering length is periodically modulated as a(t) = a + δa sin(ωt), the linear response theory predicts that the contact density responds according to [28] 
where C eq [a] ≡ Tr[Ĉe −β(Ĥ−µN ) ]/(ZL d ) is the contact density in thermodynamic equilibrium for the scattering length a and χ CC (−ω) = χ * CC (ω) is utilized. Then, the thermodynamic identity together with the adiabatic and dynamic sweep theorems [29] [30] [31] leads to the energy and entropy densities at the production rates of [28] 
Therefore, by measuring the contact, energy, or entropy density under the periodic modulation of the scattering length, it is possible in principle to extract the contact-contact response function and thus the bulk viscosity spectral function via Eq. (32).
IV. SHEAR VISCOSITY
A. Formulation
The shear viscosity spectral function in Eq. (27) is related to the off-diagonal element of the stress tensor operator via
where the stress-stress response function has the quantum virial expansion of
xy,xy (ω)
.
The off-diagonal element of the stress tensor operator (29) then readŝ
and its decomposition into one-body and two-body sectors iŝ
respectively.
The stress-stress response function at O(z) is simply provided by
and its contribution to the shear viscosity spectral function is thus
It is also straightforward to evaluate the stress-stress response function at O(z 2 ),
with the use of the time evolution operator such as e −iĤ2t obtained from Eq. (14) . The free part with only e −iĤ2t | free involved is simply provided by 
On the other hand, the interacting part with at least one e −iĤ2t | int involved is found to be
Its contribution to the shear viscosity spectral function is thus
where K = p + q and k ( ) = (p ( ) − q ( ) )/2 are the center-of-mass and relative momenta, respectively, and the first two terms correspond to the self-energy and Maki-Thompson diagrams and the last term corresponds to the Aslamazov-Larkin diagram. The last term can be further simplified by utilizing the identity of
so that we obtain
Finally, by combining Eqs. (60), (63), and (68), taking the thermodynamic limit, and performing the resulting momentum integrations, we find that the shear viscosity spectral function is provided by
where p in the first term is the pressure from Eq. (19) and the integration variable is changed to ε = k 2 /m.
B. Evaluation
Our concise formula for the shear viscosity spectral function is even under ω → −ω and has the high-frequency tail of
where C is the contact density from Eq. (22) . This asymptotic form agrees with Refs. [16] [17] [18] for d = 3 and with Ref. [17] for d = 2. Also, the integration over ω leads to
By performing the integration over ε with the divergent piece transposed to the left hand side and utilizing the identity of
which for d = 3 is consistent with the sum rule derived in Ref. [15] up to the factors in front of C and in Refs. [16, 17] . After confirming our formula (70) in light of the known constraints, we are ready to evaluate its static limit, ω → 0, where Eq. (70) is formally ill-defined and thus requires the resummation. To this end, we write πδ(ω) = Im(ω −i0 + ) −1 in the first term and regard the remainder as corrections in a geometric series [16, 38] . Consequently, the shear viscosity spectral function is brought into the Drude form of
where the memory function is found to be M(ω) = 
Here the integration variable is changed toε = ε/T and the dimensionless scattering length is introduced viaã ≡ √ mT a = √ 2πa/λ T . Our results agree with the static shear viscosity derived from the kinetic theory both for d = 3 [20, 21] and for d = 2 [22, 23] . Although it is a smooth function of λ T /a > 0 for d = 2, we find that the static shear viscosity for d = 3 exhibits the weak non-analyticity starting with λ 3 T η ∼ (lnã 2 )/ã 6 in the unitarity limit.
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